Abstract--In this paper, we construct a bilinear finite element method based on a special piecewise uniform mesh for solving a quasi-linear singularly perturbed elliptic problem in two space dimensions.
INTRODUCTION
Singularly perturbed problems (SPP) appear in many branches of applied mathematics, for example, in fluid mechanics [1] , chemical kinetics [2] , biochemical kinetics [3, Chapter 10] , and system control [2, 4, 5] , etc. Such problems arise naturally when there are sudden transitions from certain physical characteristics to others. These transitions can occur either inside a very thin layer near the boundary or inside the problem domain. Such a thin layer is called the boundary layer or internal layer. These layers make the problem very difficult to solve both analytically [2, 6, 7] and numerically [8] [9] [10] [11] .
While a sizable amount of work has been carried out using methods, such as finite difference methods [8, 12] , spectral methods [13] [14] [15] , finite volume methods [9, 16] , and finite element methods (FEM) [10, [17] [18] [19] , to name but a few, a large number of unsolved problems still remain to be *Author to whom all correspondence should be addressed. This author was partially supported by SCRI at Florida State University, which is partially funded by the DOE through Contract DE-FC0583ER250000.
0898-1221/99/$ -see front matter. ~) 1999 Elsevier Science Ltd. All rights reserved. Typeset by A,~b~-TEX PII:S0898-1221 (99)00226-6 addressed. For example, by using the standard bilinear FEM to solve the simple reaction-diffusion problem -e2/ku+u=f(x,y), in~C_R 2, u[of~=0, where 0 < e << 1 is a perturbation parameter, we have the following global error estimates:
Ilu -Uhll~ <_ C (¢ + h) hllUllH2(~),
where [[u[[e = (e2[[Vu[[22(n) [18, 20] for the convection-diffusion model
Another type of uniform convergence was achieved for some very simple models by using hp FEM [24] . This method is very complicated and it is now only applied for the one space dimensional reaction-diffusion model [24] . Recently, almost optimal uniform convergence results were achieved by FEM on some specially designed piecewise uniform meshes [25] [26] [27] , a method which was introduced by Shishkin [28] . This type of mesh specifies a fine uniform mesh inside part, but not all of the boundary layer and coarse uniform mesh elsewhere a priori, yet it still yields global convergence that is independent of e. Such a mesh is very easy to implement, but the aforementioned studies were restricted only to one space dimensional problems until 1996 as evidenced by [24, p. [29, 30] for the convection-diffusion type problem, [31] for the reaction-diffusion problem and [32] for the anisotropic model problem.
In this paper, we will consider the following quasi-linear singularly perturbed elliptic problem:
This problem was once discussed by Boglaev [33] , where a nonlinear finite difference scheme was constructed. But the uniform convergence rate at the nodal points is only 0(N-1/2), where N is the total number of grid points. A similar problem was discussed in [20, p. 82] , where only abstract error estimates were presented. Hereby by using the techniques developed in [29, 31, 32] , we construct a bilinear FEM for solving the problem (1.1),(1.2) on a piecewise uniform mesh, where the quasi-optimal global uniform convergence
is obtained. Here Uh denotes the FEM solution of (3.2), and Nx and Nu are the number of elements in the x-and y-directions, respectively.
The organization of this paper is as follows. In Section 2, we present the asymptotic expansion and the derivative estimates for the solution of (1.1),(1.2). Then a piecewise uniform mesh and a bilinear finite element scheme are constructed in Section 3. The quasi-optimal uniform convergence is proved in Section 4. Finally, an iterative scheme for solving the resulting nonlinear finite element system equations is presented in Section 5.
Throughout the paper, C will denote a generic positive constant, which is independent of the mesh size and the perturbation parameter g. Also, we use the notation [[. [[oo,~ for the L °° norm on r, and H" I] for the L 2 norm on f].
THE ASYMPTOTIC EXPANSION AND DERIVATIVE ESTIMATES
The asymptotic expansion for the problem (1.1),(1.2) is based on the work of Denisov [34] , where F was assumed to be dependent on e and in the form of A(u 2 + pu + q). For simplicity, hereby we assume F is independent of c. Also, the coefficients A, p, and q depend on x and y, and are assumed to be sufficiently smooth. Also, the following conditions are assumed [34, p. 1342] .
Under the above assumption, Denisov obtained the following. [34, p. 1349] .) Denote the n th order asymptotic expansion
Un (x,y,g) --= Z gk (Tk +1](kl' + ''' -I-1](k4) -[-P(l' -{-''' Jf" p(k4))
.
Then we have
The additional details for each term are presented in the following.
Tk(x, y) is the regular part of the asymptotic form. It satisfies the following equations: ]n(ol)(x,,)] < Ce-°', (2.3) where ~ > 0 is a constant. Even though a is not clearly stated in [34] , it is not difficult to see from Denisov's proof and Boglayev's proof [33] that a can be any constant such that 0 < a < m~/2
THE MESH AND SCHEME
Since this problem has boundary layers located along all sides of the rectangle of 12, our piecewise uniform mesh can be constructed in the same way as we did for the linear problem [31] . Details can be found there.
Assume that the positive integers Nx and Ny are divisible by 4, where Nx and Ny denote the number of elements in the x-and y-directions, respectively. In the x-direction, we first divide the interval [ 
~2 (VUh, VVh) + (F(uh, x, y), Vh) = O, VVh E Sh (~). (3.2)
Let us recall some results in [35] , which will be used in this paper. 
IIn~ullo~,i, < max ([u (xi-1, y) I, lu (xi, y)I)

--yEl
IIn~lloo,n _< Ilulloo,n.
The results obtained in Lemmas 2.3 and 3.2 hold true for the interpolant H~ in the y-direction.
MAIN RESULTS
Using the techniques developed in [29, 31] , we can obtain the following interpolation estimates. 
II (u -u,) -n~ (u -u=)Iloo,i, < 2llu -u~llood, < ce"+l (4.2)
In the following, we will estimate IIxUn by using the asymptotic expansion (2.1). Note that gk(x, y) are independent of Z, by Lemma 3.2, we have ll~k(x, y) -n~k(x, y)lloo,i, -< Oh~ ll(~k(~, y))~lloo,i, -< cg22, (4.3) where in the last step we used the fact that N~ -1 _< hi _< 2N~ -1, for i = i0 + 1,..., Nx -i0.
By the same arguments, we obtain which along with the triangular inequality completes our proof. II Since we consider here singularly perturbed problems, the parameter ¢ is usually very small. Under the assumption (A3) ~ _< max(N~2lnN=,N~21nNv), and letting n = 0 in the asymptotic expansion (2.1), we can easily obtain the following quasioptimal global uniformly convergent result. where the constant C is independent of the perturbation parameter 6.
FURTHER DISCUSSION
To solve the nonlinear equation ( from which we see that the functions u~, m = 0, 1,..., form a Cauchy sequence and converge to the finite element solution of (3.2). The uniqueness of the finite element solution of (3.2) can be proved in the same way as [36, p. 61] . A numerical experiment for the linear case (which is a special case of (1.1),(1.2)) was carried out in [31] , which is consistent with our theoretical convergence rate (4.29).
As Roos [27, Section 2.1.3] mentioned, "not much is known about Shishkin-type grids for nonlinear problems". This paper is the first to generalize our linear techniques [29, 31] to nonlinear partial differential equations for such Shishkin-type grids. It is not difficult to see that our methods can be generalized to more complicated nonlinear problems only if they have similar asymptotic expansions as (2.1).
